Particles moving inside a fluid near, and interacting with, invariant manifolds is a common phenomenon in a wide variety of applications. One elementary question is whether we can determine once a particle has entered a neighbourhood of an invariant manifold, when it leaves again. Here we approach this problem mathematically by introducing balance functions, which relate the entry and exit points of a particle by an integral variational formula. We define, study, and compare different natural choices for balance functions and conclude that an efficient compromise is to employ normal infinitesimal Lyapunov exponents. We apply our results to two different model flows: a regularized solid-body rotational flow and the asymmetric Kuhlmann-Muldoon model developed in the context of liquid bridges. Furthermore, we employ full numerical simulations of the Navier-Stokes equations of a two-way coupled particle in a shear-stress-driven cavity to test balance functions for a particle moving near an invariant wall. In conclusion, our theoretically-developed framework seems to be applicable to models as well as data to understand particle motion near invariant manifolds.
Introduction
Tracking particles inside a flow is a topic of general importance in a wide variety of applications, ranging from small scales in microfluidics [69] , to mesoscale problems in sedimentation [71] , to large oceanic scales [47] , and even astrophysical scales [7] . Many results for particle motion are immediately useful for very classical problems such as turbulent pipe flow [74] as well as newly arising recent challenges, for example in the search for parts of crashed airplanes [62] . The dynamics of particles within certain domain and flow geometries has been studied intensively, e.g., for particles moving near walls [8] , colliding with walls [28] , with respect to rotation-induced forces [64] or changing viscosity [18] , or via quite general partial differential and integral equations of motion for particles [46, 55] . Another important branch of current research is to study separation structures † Technical Unversity Munich, Fakultät für Mathematik, Boltzmannstr. 3, 85748 Garching bei München, Germany ‡ Institute of Fluid Mechanics and Heat Transfer, Vienna University of Technology, Getreidemarkt 9, 1060 Vienna, Vienna, Austria ¶ CK acknowledges support via an APART fellowship of the Austrian Academy of Sciences (ÖAW) and via a Lichtenberg Professorship of the VolkswagenFoundation. Furthermore, CK would like to thank Peter Szmolyan and Daniel Karrasch for general discussions regarding non-autonomous dynamical systems, and Armin Rainer for a clarifying remark regarding differentiability of certain parametrized eigenvalues.
in flows, which act as transport barriers, i.e., particles cannot pass through them. The definition [23, 19, 68] , analysis [20, 14] , and computation [16, 42] of these Lagrangian coherent structures has received a lot of attention; see also the references in the recent review [21] and the focus issue [54] . A directly related topic are invariant manifolds for general dynamical systems [12, 25] . The autonomous (time-independent vector field) has to be studied first but since transport barriers in flows are often viewed in terms of non-autonomous dynamical systems [31, 58] , i.e., as timedependent invariant manifolds [1, 6, 10] , we provide a setup, which also works for non-autonomous cases. Figure 1 : Sketch of the basic situation studied in this paper. A particle (grey disc) moves near an invariant manifold M inside a flow. The question is how to relate the entry and exit points into a small tubular neighbourhood E of M; note that M = M(t) and E = E(t) could be time-dependent for general fluids. The key calculation is to relate the time t 0 at entry, via a drift time near M inside some compact time domain I, to the final exit time T .
Despite considerable progress, there seems to be no completely general mathematical framework available for some relatively elementary-looking problems involving particles. One such question is, how to determine the entry-exit relationship for a particle near an invariant structure; see Figure 1 . In Section 2, we provide further background from experiments, which motivated our work on entryexit problems.
In this paper, we develop a mathematical framework based on balancing ideas, i.e., we ask the question which quantity is adequate to compute (or measure) the entry-exit relationship of a particle moving near a time-dependent invariant manifold. The main idea of this work is motivated by a classical problem in multiple time scale systems [35] . In this context, the invariant manifolds of interest are slow manifolds [27, 13] . Fast transverse dynamics to slow manifolds may be attracting as well as repelling in certain directions. Of particular interest are trajectories which first get attracted to slow manifolds, pass near certain bifurcation points of the fast dynamics, and eventually get repelled from a neighbourhood of the slow manifold. This problem has been studied intensively during recent years in the context of various bifurcations such as fold points [11, 33] , Hopf bifurcation [51, 2] , as well as more complicated singularities [72, 34] . One key idea in this context is the so-called entry-exit (or way-in/way-out, or input-output) map which can be used to calculate the relationship between entry and exit from a neighbourhood of a slow manifold involving a stability change. Here we substantially extend this idea to the case of fluid flows, as well as to arbitrary dimensions, and to various different possible maps involving entry-exit from time-dependent invariant manifolds. Then we apply it to several examples motivated by recent experiments and models of particle-surface interaction [49, 70, 39] as well as to full two-dimensional Navier-Stokes simulations for a particle motion fully coupled to the fluid. Our main results (in non-technical form) are the following:
Section 3: We introduce several natural notions for balance functions to determine entry-exit relationships based upon instantaneous eigenvalues, finite-time Lyapunov exponents (FTLE) [42, 19] , fast-slow scaling [35] and normal infinitesimal Lyapunov exponents (NILE) [22] . We prove suitable differentiability as well as continuous dependence on data for the balance functions and develop perturbation theory results.
Section 4:
To evaluate which concept is most promising, we investigate two test models (solidbody rotation and the Kuhlmann-Muldoon model), where the particle does not actively influence the flow. Three concepts turn out to have some drawbacks while NILE seems sufficiently easy to compute and conceptually the most adequate for our purpose.
Section 5:
We consider direct numerical simulation (DNS) of the Navier-Stokes equations for a two-way coupled particle in a shear-stress-driven cavity. In this context, there is an invariant freesurface in the cavity, which is tracked by the particle for a transient period. We use the DNS data to compute the NILE balance function. The results show that, although the NILE balance function is only an integrated locally linearized estimator near the boundary, it performs very similar to a full nonlinear analysis of the particle velocities.
Section 6:
We conclude with an outlook of potential applications and future challenges. We believe many interesting directions could be pursued beyond the fundamental groundwork presented in this study. In particular, there are interesting questions from theoretical, modelling, and data analysis perspectives.
Motivation and Further Background
An example for an entry-exit problem of current interest [56, 38, 48, 40] are particle accumulation structures (PAS) [70, 66] . The phenomenon during which particles suspended in a liquid are rapidly segregating.
Remark:
The final version of this paper contains a figure from [66] illustrating this experiment, which we cannot reproduce here on the arXiv.
A natural transport barrier for fully wetted particles is the liquid-gas interface of a cylindrical droplet (liquid bridge) in which a flow is driven by tangential shear stresses created by temperatureinduced axial variations of the surface tension [37] . According to [26] and [49] PAS are attractors for the motion of small particles in a three-dimensional steady flow which are created in a close neighbourhood of the invariant manifold represented by the liquid-gas interface. The mechanism involves the particle-free-surface interaction during which a particle enters a certain neighbourhood of the invariant manifold, experiences extra forces due to the presences of the interface, and exits to the bulk. If the properties of the entry-exit process are such that particles enter from a region of chaotic streamlines and exit to a region of regular streamlines of the steady three-dimensional flow a periodic attractor is typically created, in particular, if the particle inertia is small.
A direct numerical simulation of this process based on the Navier-Stokes equations would require enormous computing resources, because all length scales must be properly resolved, ranging from the scale of the droplet over the scale of the particles down to the scale of the lubrication gap between a particle's surface and the liquid-gas interface. For that reason suitable entry-exit relations which go beyond inelastic collision models [26] would be extremely helpful for a realistic and economic simulation of PAS using one-way coupling, e.g. in the framework of the Maxey-Riley equation [46] ; we refer to Section 4.2 for the analysis of a first model using balance functions in this direction.
Analytical approaches would also be a first step to check whether there is a stretching mechanism near the surface so some particles stay there a lot longer than others although they entered in nearby regions. Such a stretching mechanism is key for the generation of chaotic dynamics in many situations including problems involving the classical Smale horseshoe [17] . Furthermore, analytical entry-exit relationships could be used for perturbation theory (see Section 3.6) as well as for extrapolation of particle locations based upon previous particle data (see Section 5) .
Further real-world examples for entry-exit problems are mixing processes, either in a rotating drum [53] or by use of impellers [15] . In these devices suspended particles enter and exit a neighbourhood of a moving wall. Since the fluid flow typically becomes ergodic from the boundaries, the entry-exit properties may play a key role for the mixing of suspended particles which move different from the flow, in particular near the boundaries. Other systems of interest are fluidized beds [73] with wall effects becoming important in micro-fluidized beds [43] . Finally, dynamical entry-exit problems should be of importance for the deposition of evaporating micro-droplets in the human airways [75] .
Basic Mathematical Framework
Consider the ordinary differential equation (ODE)
for d ≥ 2 and with initial condition z(t 0 ) =: z 0 ∈ K, where K is a compact subset of R d . We always assume that h is smooth, i.e., C ∞ = C ∞ (R d+1 , R d ); this assumption could be weakened but it will be convenient for the applications we have in mind. Denote the flow associated with (1) by
Let M(t) ⊂ R d be an m-dimensional smooth invariant manifold with
for some t 1 < t 2 , with t 0 , t ∈ I, and for t ≥ t 0 ; we only consider the dynamics on the compact time interval I as we are interested in finite-time non-autonomous dynamics. Furthermore, we emphasize that we do not require any particular type of invariant manifold such as normally hyperbolic [13] or normally elliptic. However, one has to pick a relevant invariant manifold (e.g. a domain boundary, a special co-dimension one surface, an interface between two physically/biologically relevant regions).
Here we do not discuss this choice as it does depend upon the application but we refer to the outlook in Section 6, where one goal would be to try our methods for different definitions of Lagrangian coherent structures. Let T p M(t) and N p M(t) denote the tangent and normal spaces at p to M(t). Let γ = γ(t; t 0 , x 0 ) denote a trajectory in M(t), i.e., we require γ(t) ⊂ M(t) for all t ∈ I. Suppose γ is smooth, i.e., γ ∈ C ∞ (I × I × K, R d ). Then we define the function
where the choice forF respectively the construction of F will be discussed below. As yet, F is quite a general function as it just maps a time t to R. The idea is to associate the location of zeros of F with certain balancing properties of trajectories contained in M(t), to relate the entrance and exit points for particles moving near M(t). We emphasize that we only need a reference trajectory γ(t) ⊂ M(t), not the entire manifold M(t) for our calculation.
Instantaneous Eigenvalues
A naive first guess to study the dynamical properties near M(t) is to consider instantaneous eigenvalues. Consider the non-autonomous linear system
for Z ∈ R d , A(t) = A(t; t 0 , z 0 ) ∈ R d×d . Let λ j = λ j (t; t 0 , z 0 ) for j ∈ {1, 2, . . . , d} denote the eigenvalues of A(t). One guess, how to balance attraction and repulsion near M(t) is to consider
where ℜ(·) denotes the real part of a complex number. The problem with just monitoring eigenvalues is that they do not take into account direction, i.e., we just get undirected rates of growth and decay. Furthermore, the eigenvalues for fixed times do usually not imply any stability statements for non-autonomous dynamical systems. Therefore, we expect that the direct use of eigenvalues is insufficient in some many cases and we shall demonstrate these issues in Section 4.1.
Fast Subsystem Eigenvalues
Another idea is to consider multiple time scale dynamics and use fast subsystem eigenvalues [35] . Suppose (1) can be written in the standard fast-slow form
where (x,ỹ) ∈ R m+ñ , the maps f : R m+ñ+2 → R m and g : R m+ñ+2 → R m are smooth (we again require C ∞ without further notice), let h = (f, g) ⊤ , and 0 < ε ≪ 1. Note that we can make the system autonomous by setting dτ ds = 1. This is equivalent to appending another slow variablė yñ +1 = 1, so we shall now restrict to
where z := (x, y) ∈ R m+n for n =ñ + 1. The critical manifold of (7) is given by
Suppose C 0 is a smooth manifold which coincides with M(t) on the given domain for t, i.e., for y n . Recall that C 0 is called normally hyperbolic if the eigenvalues of the matrix D x f (p, 0) ∈ R m×m have no zero real part [35] . Letting ε → 0 in (7) yields the slow subsystem 0 = f (x, y, 0),
for the dynamics on the critical manifold. As before, consider a trajectory γ(s) = γ(s; s 0 , z 0 ) contained in C 0 . Then we can consider the eigenvalues ρ j (s) for j ∈ {1, 2, . . . , m} of the matrix D x f (γ(s), 0) and define
to study the local attraction and repulsion rates near C 0 . Note that there is still a choice of the neighbourhood E of C 0 , which can be selected to be of size O(ε) according to Fenichel's Theorem [27] near the normally hyperbolic parts and has to be adapted to scalings of fast subsystem bifurcation points; see [35, .
The functions F ρ j are natural generalizations of the classical entry-exit maps developed first in the context of delayed Hopf bifurcation [51, 52] ; in fact, the delayed Hopf case may also have buffer points so that the entry-exit map does not give the correct exit point by itself. Since we do not consider any oscillatory instabilities in this paper, we will not be further concerned with this problem but see Section 6. However, since rigorous proofs for branch points are available [65] (and references in [35] ), it is important to have the fast-slow approach as a comparative benchmark. Furthermore, fast-slow techniques have been successfully applied to fluid dynamics of particles (see e.g. [63] ). The potential disadvantage of the fast-slow construction is that the ODE (1) is usually not directly available in the form (7). This generically requires identifying a new parameter ε and moving the invariant manifold M(t) into a form where it becomes a slow manifold. In addition, not every system has a well-defined time-scale separation.
Finite-Time Lyapunov Exponent(s)
Another classic concept to deal with spectral properties of dynamical systems defined on finitetime intervals are finite-time Lyapunov exponents (FTLEs); see e.g. [42, 19] for introductions. The intuition of FTLEs is to consider a perturbation ζ ∈ R d to an initial condition for the flow φ and TR d ≃ R d denotes the tangent bundle to R d . Hence, the expansion (11) shows that the linearized flow map characterizes local separation and contraction properties. Then one may define the maximum FTLE as
In addition, one may also consider FTLEs associated to specific directions. This construction is conveniently expressed by considering the fundamental solution Φ(t; t 0 , z 0 ) ∈ R d×d for Z ′ = A(t)Z and letting δ j = δ j (t; t 0 , z 0 ) denote the singular values of Φ(t; t 0 , z 0 ). Then one may define the associated FTLEs [9, 68] as
Note carefully that FTLEs are dependent upon the final time t and do not constitute an infinitesimal notion. Since FTLE are defined over two time points, t 0 and t, one possibility would be to just define balance functions by
However, as the definition already suggests, the computation of FTLEs is frequently impossible analytically and very challenging numerically. Furthermore, FTLEs do not directly take into account the existence of the invariant manifold M(t) as the calculation works for any trajectory in phase space via the variational equation.
NILE Exponent
Here we briefly recall the theory of normal infinitesimal Lyapunov exponents (NILE) from [22] in the context of (1). Let
denote the natural projection onto the normal space at each p ∈ M(t). Then the NILE at p ∈ M(t) is defined by σ(p; t) := lim
Although the definition may look complicated, σ(p; t) is just the infinitesimal growth rate in the normal direction to M(t) at a point p. Essentially, σ(p; t) was designed in [22] to be a more computable measure of growth and decay rates for invariant manifolds in comparison to the classical Lyapunov-type numbers [12] . In particular, for a smooth unit normal vector field n(p; t) to M(t) one has σ(p; t) = max
by [22, Thm.4] . Of course, one could use (18) as a definition instead of (17) . In the case when M(t) can be written as a graph, one may consider z = (x, y) ∈ R m+n and the ODE
Suppose M(t) = {x = m M (y, t)} and define
then one may conclude [22, Thm.4 ] that
where λ max [·] is the largest eigenvalue of a symmetric matrix. Considering the fact that σ(p, t) < 0 corresponds to an attracting manifold M(t) while σ(p, t) > 0 corresponds to a repelling one, we introduce the definition
The advantage of NILE is that it does measure the generic (i.e., typical) maximum growth and minimum decay rates for repelling, respectively attracting, manifolds. Furthermore, it does take into account the geometry by focusing on the normal direction to the manifold M(t), which is the one relevant for entry and exit of neighbourhoods of M(t). We again remark that we have to select the neighbourhood E(t) so that the linearization approximation in (22) is sufficiently accurate. In comparison to the fast-slow definition (10) where natural scales in ε appear, the scales for NILE are related to uniform bounds on the normal directions and the requirement that the leading linear normal direction is not dominated by nonlinear terms in E(t). As a practical strategy it seems safest to start with a neighbourhood E(t) of very small volume, where the approximation must be valid and gradually increase the neighbourhood. In particular, one may extend it until the linear approximation differs on several small compact test subsets from the full flow for a given tolerance.
Equation (21) in conjunction with [9] shows that the NILE concept is related to D-hyperbolicity [4] , i.e., the generalization of the existence of an exponential dichotomy for finite-time intervals. Thereby, NILE also relates to other notions of spectra and hyperbolicity for non-autonomous systems on finite time intervals as discussed in [3, 9, 30] . In this context one usually obtains spectral intervals [59, 30] and one could aim to use these intervals to define new balance functions. However, for our purposes we aim to find a concept, which is analytically and conceptually simple in low-dimensional examples and stays numerically computable for more complicated flows. We shall see in several examples that a balance function based on NILE satisfies these requirements quite well.
General Balance Functions
We develop some basic general theory for the class of balance functions F defined above. Each function depends not only on its argument T ∈ R but also on the inital time t 0 , and the initial point z 0 . Therefore, we also consider
using the G-notation to emphasize this dependence and with υ ∈ {λ j , ρ j , l j , σ}; recall that λ j refers to instantaneous eigenvalues, ρ j to the fast-slow case, l j to finite-time Lyapunov exponents (FTLEs), and σ to the normal infinitesimal Lyapunov exponent (NILE).
Proposition 3.1. (basic properties)
The following results hold:
• G υ is bounded for υ ∈ {λ j , ρ j , σ, l j }.
Proof. The first statement is trivial due to the integral definition of the balance function for {λ j , ρ j , σ}. For the second statement, it suffices to study t 0 = 0 and the remaining cases will follow by a shift. Since γ ∈ C 1 it follows that A(t) is C 1 in t so A(t) = A 0 + tA 1 + o(t) by Taylor's Theorem. For the fundamental matrix we have
So the singular values δ j of Φ(t, 0, z 0 ) satisfy δ j = e t[a 0 +o(1)] and the second result follows. The last statement can be deduced from γ ∈ C 1 ; for example, consider υ = λ j , then A(t) is C 1 and defined on the compact set I so the eigenvalues are bounded on I, and so are their real parts. Integrating a bounded function over a compact set again yields a bounded function. Boundedness with respect to the initial point follows from the compactness of K. The other cases are equally easy.
We remark that the last proof only used continuous differentiability. Recall that we are primarily interested in zeros of balance functions t → G(t, t 0 , z 0 ) = F(t). The existence of zeros is a global dynamical problem and has to be considered on a case-by-case basis. However, the non-degeneracy of a zero is a local property. Non-degeneracy of a nontrivial zero T > t 0 yields a transversality condition for the motion near the exit point, i.e., we expect a true exit and not just sliding near the exit boundary. Therefore, we have to study differentiability properties of G, particularly with respect to t. To state the next result, we say that a family of matrices is NIC (no-infinite-contacts) [57] if none of its eigenvalues meet with an infinite order of contacts when t is varied, i.e., roots of the characteristic polynomial have well-defined finite multiplicities for all t. 
(D4) suppose M can be written globally as a graph of a C ∞ -function, and Γ(y, s) is NIC for all
Proof. Regarding (D1), differentiability in t is immediate from the Leibniz integral formula, which yields a continuous derivative. For smoothness in the initial data, consider first t 0 . Note that A = A(s; t 0 , z 0 ) is a C ∞ function of t 0 by assumption on the smoothness of the vector field and the assumption that γ ∈ C ∞ . Since A is normal, NIC, and smooth, it follows that its eigenvalues λ j = λ j (s; t 0 , z 0 ) are C ∞ as functions of t 0 [57, Thm.7.8]. Therefore, the corresponding real parts are C ∞ as well. Using the Leibniz integral formula, we obtain smoothness with respect to t 0 . The same argument can now be applied to each of the coordinates of z 0 and (D1) follows. (D2) is immediate as the proof from (D1) carries over. For (D3), the first observation is that AA ⊤ is a normal matrix. Since AA ⊤ is also NIC, the singular values are C ∞ ; now we can just use the same Taylor expansion argument as in the proof of Proposition 3.1 to get that l j is C ∞ . For (D4), note that since M can be written as a C ∞ -graph, it follows that Γ(y, t) is C ∞ , so using formula (21) the last result follows by the same arguments as (D1)-(D2).
The differentiability results can be improved but selecting eigenvalue-type quantities smoothly is an extremely technical topic and many special cases may occur [57] . Here we are mainly interested in the dependence of zeros of F on the input data. A direct application of the implicit function theorem yields: Corollary 3.3. Suppose h ∈ C ∞ and γ ∈ C ∞ for each trajectory and the assumptions in (D1)-(D4) hold. Consider (t, t 0 , z 0 ) → G υ (t, t 0 , z 0 ) for υ ∈ {λ j , ρ j , σ, l j } and suppose t → F υ (t) has an non-degenerate root at T , i.e., F ′ (T ) = 0. Then there exists a neighbourhood of (T, t 0 , z 0 ) and a locally unique continuous one-dimensional curve of solutions to 0 = G υ (t, t 0 , z 0 ).
The last result is not really surprising. It just states that if we find a zero of the balance function, and this zero is isolated, then the C 1 -dependence of the balance function on its input data guarantees that the zero perturbs uniquely. However, for applications it is of paramount importance to have at least some computable conditions for robustness such as F ′ (T ) = 0.
Remark: Regularity results are also relevant to study the dependence upon initial conditions such as sets of the form
i.e., considering the evolution of co-dimension one submanifolds of initial conditions. Fixing a neighbourhood size of M(t), makes S t depend only upon z 0 . However, if M(t) interacts with another invariant manifold then an initially smooth connected set S t may break up. Furthermore, since S t are sets imposing balance conditions, it would be natural ask, how this relates to Lagrangian coherent structures and we aim to pursue this analysis in future work.
Perturbation Expansion
Having reduced the entry-exit problem to a root-finding problem, we remark that it is now possible to apply standard perturbation techniques if suitable boundedness and regularity conditions are satisfied. For example, consider the case when we have to solve 0 = F(t; δ)
for some small system parameter δ ≥ 0. If F(T ; 0) = 0 and ∂F ∂t (T ; 0) = 0 then the implicit function theorem yields that we can locally solve (26) via T = T (δ) and formally can make the perturbation ansatz:
Furthermore, if (26) depends upon a trajectory γ(t) ⊂ M(t) which has a perturbation expansion
then we can just plug all terms into (26) and formally expand in δ, collect terms of different orders, and aim to solve the problem perturbatively if the perturbation problem is regular.
Passive Models
Here we shall consider two basic models that represent elementary flows to benchmark the previously introduced concepts. 'Passive' refers to the fact that particles inside these flows are viewed as passively transported while Section 5 presents an 'active' case, where there is a fully-coupled particle-fluid interaction.
Regularized Solid-Body Rotation
We start with a basic example, which is nevertheless quite insightful as it is relatively easy from a computational perspective and demonstrates the basic features of balance functions. Consider the
where (z 1 , z 2 ) ∈ R × [0, +∞), and α, β > 0 are parameters. An example of the phase portrait is shown in Figure 2 . Note that the center of rotation of the flow is at (z 1 , z 2 ) = (0, β). M = {y = 0} is a time-independent invariant manifold with dynamics z ′ 1 = β. We are interested in the entryexit relation of a point particle getting passively transported by the flow (29) in and out of a neighbourhood
Assume that χ > 0 is sufficiently small so we aim to approximate the residence time of the particle from the linearized system near M. We expect a symmetric entry-exit relation. Indeed, given the initial point z 0 = (−b, χ) ∈ ∂E(χ), we know already that the first exit of the point is given by z T = (b, χ) due to the symmetry
of (29) . We discard this fact temporarily and apply the different functions F. We start by just naively considering the concept of instantaneous eigenvalues discussed in Section 3.1. Proof. As a trajectory in M, we must take
Without loss of generality consider t 0 = 0. Linearization yields that
The two eigenvalues of A are
where 4+bα αβ ∧ T = min{ 4+bα αβ , T }. The second integral can be evaluated in certain cases but is a lengthy expression. It is interesting to just consider certain cases. Suppose bα < 4, then F λ ± has a zero at T = 
The last integral can be evaluated and one checks that F λ ± (6) = 0. However, γ(6; 0, (−3, 0)) = (6 − 3, 0) = (3, 0) is the correct exit point. A direct application of Corollary 3.3 yields an open set of parameters where F λ j yields an incorrect exit point.
Since monitoring the real parts of instantaneous eigenvalues and requiring an integrated balance function F λ j does not yield the correct result in relevant cases, we discard this option from now on. Another option considered in Section 3.2 is to scale the problem differently. Proposition 4.2. There exists a scaling of (29) converting it to the standard fast-slow form (7). Furthermore, balancing the function F ρ yields the correct exit point.
Proof. Consider the scaling (z 1 , z 2 , t) = (y/ √ ε, x, s/ √ ε) and observe that (29) then becomes a fast-slow system εẋ = y(1 − e −αx ),
The critical manifold is C 0 = {y = 0} ∪ {x = 0}. Note that C 0 is not a smooth manifold but the subset {x = 0} = M is an invariant manifold for (36) for any ε > 0 and we focus just on M here. The slow subsystem is given byẏ = β so γ(s) = (0, β(s − s 0 ) − b). In the notation of Section 3.2 we have the linearization of the fast vector field yields just one eigenvalue so that
Therefore, the balance function can be calculated, say for s 0 = 0,
Now the balance condition F ρ (T ) = 0 provides the correct answer that the exit point is given, via the zero T = 2b/β, as (x, y) = (0, b).
Furthermore, we easily check that the zero of the balance function is indeed isolated since F ′ ρ (2b) = α(2b − b) = αb > 0 since α, b > 0 by assumption. However, the fast-slow calculation did require some insight how to scale the problem. As the next option, we consider FTLE balance functions. In fact, the abstract framework is relatively straightforward. Considering the nonautonomous linear problem Z ′ = A(T )Z, we know that a fundamental solution can be written as
Working out the integral is easy but the algebraic form of matrix exponential is extremely lengthy in the general case. However, observe that The formulas for FTLE can be extremely cumbersome. Calculating the FTLEs analytically for all t corresponds actually to a full solution of the non-autonomous linear system along the invariant manifold. Hence, it seems worthwhile to search for simpler balance functions that take into account the existence of M and its geometry. A natural option seems to be the NILE as discussed in Section 3.4.
Proposition 4.4. Balancing F σ yields the correct entry-exit relationship for (29) .
Proof. Consider (32) for t 0 = 0 and the invariant manifold M = {z 2 = 0} for (29) . A unit normal vector field is given by n(p, t) = (0, 1) ⊤ and formula (18) yields
Hence, the balance function F σ also yields the correct result for the exit point by the same calculation as in (38) .
No preliminary scaling by ε was necessary for the NILE case nor was it necessary to solve the full non-autonomous system. Hence, the concept seems to be well-suited to take into account the geometry of the invariant manifold. Furthermore, we may calculate eigenvalues directly from the linearized problem without the need to scale by a small parameter. However, NILE is a single rate so one should keep in mind that it would be useful to generalize the case from a unit normal vector field to M to other transverse frames when projection operators depend upon time and position; cf. [22, p.614-615] . However, generically the entry (resp. departure) speed is governed by the largest normal rates in the attracting (resp. repelling) regime so NILE already captures what we are interested in for most applications.
The Kuhlmann-Muldoon model
An axisymmetric liquid bridge of length d, stabilized by surface tension, can be established between two parallel and coaxial wetted disks of cylindrical rods of radius R. If the disks are heated differentially and the aspect ratio Γ = d/R is of order O(1), temperature gradients along the capillary interface induce a toroidal vortex via the thermocapillary effect [67] , which can become modulated azimuthally for large imposed temperature differences. Muldoon and Kuhlmann [49] proposed a closed-form approximation to the three-dimensional time-dependent Navier-Stokes flow in a cylindrical liquid bridge aiming at modeling the rapid de-mixing of particles into curious accumulation structures found experimentally (see e.g. [66] ); see also Section 2 for further background. Using a separation ansatz and free-slip boundary conditions on the supporting disks, the axisymmetric part of the flow field was represented by harmonic functions. The algebraic radial dependence of the axisymmetric flow is then dictated by the incompressibility constraint. The remaining integration constants were used to fit the strength and the radial shape of the vortex to the numerically obtained Navier-Stokes solution. The axisymmetric steady part of the Kuhlmann-Muldoon model flow is symmetric with respect to a midplane {z 2 = 0}. Here we extend this flow by an antisymmetric term which may take care of the inertia-induced asymmetry of the real flow. This also aims to test balance functions in a setup without symmetry. 
where z 1 ∈ (0, 
The relevant invariant manifold we are interested in is
2 )} (capillary surface). Note that the flow on M can be calculated from
Unfortunately, there does not seem to be a closed form solution to the ODE (42). As before, let γ denote a trajectory contained inside M. The linearization A(t) = Dh(γ(t)) with t 0 = 0 starting from initial data (z 1 , z 2 ) = (
The full analytical computation of FTLEs is not possible, hence we start by considering NILE. Since a unit normal vector field to M is just given by n(p, t) = (0, 1) ⊤ , we can easily calculate
Now one can actually numerically integrate (42) and then insert the solution γ into the integral
We already see that if we are just interested in zeros of F σ we may discard the prefactor in (44) as η ∈ [4, 5] . Figure 4 shows a computation based upon the integral formula (44) to study the influence of the two parameters α s , η on the exit time T . We observe a very clear linear relationship between the parameters and the exit time T . The initial condition has been fixed to ( is fixed and the parameter η is varied to compute the exit time. Figure 5 converts the escape times into escape points by integrating the one-dimensional ODE (42) . Interestingly the dependence on the two parameters now shows a completely different behaviour. For the asymmetry parameter α s , a nonlinear behaviour is observed while for η, we observe a similar exit point regardless of the parameter, i.e., the changing escape time is compensated by a different speed on M. The analysis shows that it is very convenient to use balance functions numerically and to determine the influence of different parameters on particle motion near M. Figure 6 : Sketch of the two-dimensional shear-stress-driven cavity seeded with a particle of radius a = 0.01 · L.
Remark: Another way to arrive at the entry-exit map is to scale the original ODE (41) by first moving M to the manifold {z 1 = 0, z 2 ∈ (−0.5, 0.5)} and then scaling z 1 by a suitable power of a small parameter ε to make the z 1 -variable a fast x-variable. However, the problem already shows that scaling becomes more and more involved once the manifold M is nontrivial.
Numerical Simulations for a Particle near a Free-Surface
Particle-laden flows are a class of multiphase flows in which there is a continuously connected fluidphase and a dispersed particle phase which do not mix. When the particles scales are very small compared to the fluid scales, neglecting the feedback effect of the particles on the fluid flow can be a good approximation in numerically calculating each particle trajectory. In this case we talk about one-way coupling simulations. However, if the particle passes very close to a wall/free-surface, the particle and the lubrication-gap scales must be solved and the feedback effect of the particle on the fluid phase is essential [60, 32] , i.e., the non-autonomous dynamics really differs from the autonomous case. Simulating both phases can be very expensive computationally. Therefore, understanding the physical mechanisms which play the main role in the particle-boundary interaction contributes to an accurate modelling of this phenomenon. Taking into account lubrication effects can lead to a significant improvement in predicting the particle trajectories. Hence, this setup is an excellent test case for the framework of balance functions presented above.
Consider a two-dimensional square cavity filled with an incompressible Newtonian liquid of density ρ f and kinematic viscosity ν as shown in Figure 6 ; we denote the horizontal and vertical coordinates by z 1 and z 2 respectively similar to our notation above and set z = (z 1 , z 2 ) ⊤ . The cavity of linear length L is open from above and the fluid flow is driven by a constant shear stress, τ 0 , in z 1 -direction. In the limit of asymptotically large surface tension the interface is flat. The flow in the shear-stress-driven cavity can be modelled using the Navier-Stokes equations and employing a viscous scalingû
where 'hats' indicate the dimensional variables and 'no-hats' the non-dimensional ones, one obtains the non-dimensional Navier-Stokes system
where u = u(z, t) ∈ R 2 and p = p(z, t) ∈ R represent the flow velocity and pressure fields, respectively. The flow field must satisfy the no-slip and constant-stress boundary conditions
on
where Re is the Reynolds number
and in the following it will be set equal to 1000. Considering now the cavity seeded with one rigid circular particle of radius a, rigid body motion equations will define its trajectory in the fluid flow
where F and T are the force and torque acting on the particle, V and Ω denote its translational and rotational velocities, and M and I are the mass and the inertia tensor of the particle. The coupling between the particle and the fluid motions results from the no-slip and no-penetration conditions on the surface of the particle. In the following the case of particle radius a = 0.01L is considered for a particle-to-fluid density ratio ̺ = ρ p /ρ f = 2. The initial particle position is set to (z 1,p , z 2,p ) = (0.38, 0.2). The equations are discretized on a static grid via a discontinuousGalerkin finite-element-method (DG-FEM) coupling it with the so-called smoothed-profile method (SPM). The details of the numerical method are discussed in [61] with further background in [44, 50, 29, 24] . Here we just note that we use in space a discontinuous Galerkin-finite-element method with triangular grid with warp-blend-nodes. Polynomial elements of order five are employed for the numerical simulation with triangles with side length 4 × 10 −3 in the z 1 -direction. Along the z 2 -direction a stretching function proportional to z ( 2 0.4) is adopted with minimum side length of 9 × 10 −4 for the elements in contact with the free-surface. The time step is fixed to 1 × 10 −7 [61] .
Having the full simulation data of the flow available, we want to check the predictive capabilities of the NILE balance condition F σ = 0 by computing F σ from the data. To make the problem harder, suppose we did not even know a reference trajectory inside the invariant manifold/free-surface
Suppose we can only track the particle itself and have the local flow normal to M. We project the particle trajectoryγ(t) along the direction normal to the wall
This means we can calculate F σ (t) (using t 0 = 0) at fixed times according to formula (22) . Clearly this predictor is locally linearized and only takes into account the flow near M. To have a comparison, we consider a fully nonlinear balance function that takes into account the local velocity of 5]} where we calculate the integrals for the particle; red indicates the calculation is not active while green indicates an active calculation of the NILE predictor as well as the full nonlinear predictor. The two rightmost columns show the predictors (multiplied by a factor of 10 to increase the scale). The dashed blue line marks the zeros, i.e., we look for the first non-trivial zero crossing. The vertical dashed magenta line in the last time snapshot shows the true crossing of the particle from the active region past the threshold at z 2 = 0.4. the particle at each point defined by 
where v(γ(s)) is the actual particle velocity normal to the wall at each time point s. To compute F v and F σ , we only consider a region E := {z 2 ∈ [0.4, 0.5]} as shown in Figure 7 , i.e., outside of E, there is no contribution to the balance functions. Figure 7 shows the main results for the balance functions at four different time snapshots. F σ based upon NILE performs extremely well considering the fact that only local linearized flow near M is taken into account. It slightly underestimates the true exit point while using F v slightly overestimates it. In particular, there seems to be no significant performance difference between the two balance functions, although one uses locally linear and the other global fully nonlinear information.
It is important to point out that one may even try to use F σ as a predictor. Consider the third row in Figure 7 at time t = 0.02914. Since the balance function has just changed from increasing to decreasing, one may try to extrapolate to future times to predict the next time when F σ vanishes. This adds to the potential flexibility of the balance function framework discussed here for many practical applications.
Conclusion & Outlook
In this paper we have proposed a framework to address the entry-exit relationship for trajectories in dynamical systems with a strong focus on applications in fluid dynamics. Particles travelling near invariant manifolds have a tremendous relevance for phenomena in fluids. We have demonstrated that the concept of balance functions is well-suited to understand where particles are expected to exit neighbourhoods of time-dependent invariant structures in fluid dynamics. Two model problems have been used to determine that NILE balance functions provide a very efficient way to merge theoretical precision as well as practical computation for particle trajectories. For the KuhlmannMuldoon model, we showed how parameter dependencies can be uncovered using NILE balance functions. Then we tested the concept on fully-resolved direct numerical simulation of a particle in a shear-stress-driven cavity. Again we obtained excellent agreement with the abstract theory. In particular, local data near the invariant manifold and a projected particle trajectory were sufficient to gain insight in the particle exit point and provided a practical strategy to predict it based upon the current value and/or extrapolation of the balance function.
We stress that we only aimed here at demonstrating the main technical elements of balance functions, and tried to show their applicability to key practical issues in fluid dynamics. Several open questions remain after this study. On the one hand, further mathematical issues arise. For example, what happens for balance functions in non-autonomous systems in the case of oscillatory instabilities, such as delayed Hopf bifurcations [51, 35] . The question of random coefficients and change of stability points [36] as well as stochastic forcing [5, 41] are problems to be tackled in future work. Improving the link to the theory of Lagrangian coherent structures is another interesting direction to pursue so is the connection to purely set-valued approaches to dynamical systems. Furthermore, one might check whether balance functions can equivalently be defined using the Koopman operator, which is a strategy that already worked in other contexts for isochrons and isostable sets [45] .
With balance functions, many practical questions can now be tackled. The last example of the Navier-Stokes equation shows that working directly with data can be successful. To observe the results presented here in laboratory and field experiments would be of interest. Applications to data analysis in oceanography and engineering are also conceivable as measurements near invariant manifolds may potentially be easier to obtain in comparison to full monitoring of flow fields, e.g., in the context of flows in rivers as well as in flows near the coastline.
